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Volterra series for solving weakly non-linear partial differential equations: application to a dissipative

Burgers’ equation

THOMAS HELIE+* and MARTIN HASLER]

A method to solve weakly non-linear partial differential equations with Volterra series is presented in the context of
single-input systems. The solution x(z,?) is represented as the output of a z-parameterized Volterra system, where z
denotes the space variable, but z could also have a different meaning or be a vector. In place of deriving the kernels from
purely algebraic equations as for the standard case of ordinary differential systems, the problem turns into solving linear
differential equations. This paper introduces the method on an example: a dissipative Burgers’equation which models the
acoustic propagation and accounts for the dominant effects involved in brass musical instruments. The kernels are
computed analytically in the Laplace domain. As a new result, writing the Volterra expansion for periodic inputs
leads to the analytic resolution of the harmonic balance method which is frequently used in acoustics. Furthermore,
the ability of the Volterra system to treat other signals constitutes an improvement for the sound synthesis. It allows the
simulation for any regime, including attacks and transients. Numerical simulations are presented and their validity are

discussed.

1. Introduction

Volterra series give a systematic representation for
a wide class of non-linear systems, including linear
differential systems, memory-less non-linear functions,
and their combinations (Boyd 1985). Practically, they
are very attractive for weakly non-linear ordinary
differential equations for which keeping only the low-
order kernels yields good approximations.

In this paper, the Volterra series are used in the more
general context of a boundary controlled non-linear
partial differential equation. Their formal framework
gives an interesting alternative to the perturbation
method usually used. The only difference with respect
to the case of ordinary differential equations is the
identification of the kernels: each one is performed by
solving a linear differential rather than an algebraic
equation.

The intended application deals with the acoustic
propagation of planar waves in cylindrical ducts which
induce visco-thermal losses on the wall. In such a case,
the non-linearity of the propagation may lead to a
shock-wave after a sufficiently long distance. For
shorter distances, the weaker distortion is still audible
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for waves with high amplitudes, which is typical for
brass instruments. Indeed, the so-called ‘brass effect’
exactly denotes the brightness of the sound obtained at
fortissimo, due to this distortion.

The practical interest of using Volterra series is that
the obtained input—output system allows the simulation
of stationary waves as well as transients: standing waves
or periodic inputs are not required as in the case of
methods such as the harmonic balance (Menguy and
Gilbert 2000).

This paper is structured as follows: In §2, the inves-
tigated Burgers’ acoustic model is presented and the
Volterra series are briefly introduced, setting definitions,
notations and describing useful properties.

Section 3 establishes the method used to solve the
boundary controlled partial differential equation. The
acoustic state is defined as the output of a Volterra
system. The equations satisfied by the Volterra kernels
are first derived. Second, their analytic resolution is
performed, leading to a recursive relation. A clever
decomposition which allows the numerical computation
of the kernels and which can be generalized to the
resolution of other problems is detailed.

In §4, time simulations are presented for periodic
signals and more generally for non-stationary signals.
In the case of periodic signals, the analytic expres-
sions of the kernels and the derivation of the
Fourier coefficients of the output from those of the
input give an analytic resolution of the harmonic
balance. The validity of the results with respect to
orders of approximation is quantified and physical
interpretations are given.

Finally, before concluding, §5 sketches limitations
and extensions of the proposed method.
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2. Problem statement

This section presents first the acoustic model of the
propagation of progressive plane waves in a pipe,
namely a dissipative Burgers’ equation. This model is
a non-linear partial differential equation which is valid
for bounded amplitudes and frequencies such that the
non-linearity of the model is weakly activated.

As weakly non-linear systems are well represented
by Volterra series, the main idea of this paper is to
solve the acoustic model thanks to this tool. This tool
is introduced in the second part of this section.

2.1. Model under study

Let the massic density, the speed of the sound, the
atmospheric pressure, the specific heat ratio, the kin-
ematic viscosity, and the Prandtl number for the air be
po~12Kgm™, ¢p~344ms™', Py~1.013 x 10° Pa, y~
1.4, v~1.5x 10 m*s™! and P.~0.7, respectively.

In Menguy and Gilbert (2000), the acoustic waves
propagating in a cylindrical pipe figure 1 are shown to
be well described via two-dimensional progressive
planar waves ¢© and ¢~ by

e massic density

pa=po[q" +q + O] (1

e longitudinal particle velocity

u, = co[q" — g~ + 0(M?)] ©)

® pressurc

Pa=Pov[at +q +0M?)] 3)

where M denotes the order of magnitude of ¢+, ¢~ and
of the Mach number u,/c.

These waves satisfy the generalized Burgers’ equa-
tions

£9,q = qdyq — 2dy’q )

with €= +1 and 6 =1 —z/c, for ¢=¢q*, £=—1 and
0=t+z/cyforg=¢q , and

i
{= tv z/cg.
o (6,67) ) N
. ( |
G (60) / it.67)
£=0 £=12z/co

Giit Gi:tiz/c(]

Figure 1. Progressive waves propagating in a
cylindrical pipe.

The coefficient ay = (2/Ry) k, with

APy - D)
T VRO

~ 239 x 103 ms™1/?

accounts for the visco-thermal losses for a pipe with
radius R,. The operator 9,/* is the fractional derivative
of order 1/2 for causal functions associated to the
Laplace symbol s> on C with a cut on R™.

As the models for ¢* and ¢~ are symmetrical
for z+> —z, the problem is reduced without loss of
generality to

dq = qdq — aody’q. Q)

The system defined in figure 1 and by (5) is
weakly non-linear if ¢dyg is not greatly solicited.
This occurs for small amplitudes and low frequencies,
but also if this non-linearity is integrated over a short
length, i.e. for small ¢. For brass instruments, these
features make the non-linearity weak but usually not
negligible, so that Volterra series have a practical
interest.

2.2. Volterra series

Only the principal definitions on the Volterra series
and the relations used in this paper are recalled below.
For a more detailed presentation see, e.g. Rugh (1981),
Boyd (1985) and Hasler (1999).

2.2.1. Definitions, notations and basic properties. By
definition, a system (S) is described by a Volterra series
of kernels {/,},cn+ for inputs |u(?)| < p if the output y(¢)
is given by the multi-convolutions

400 +o0
y(t):Z// hy(y,..,t)u(t—1)) ... u(t—7 )dr; ... dT .
n=1 —0
(6)

Here, p is the convergence radius of 3" ||/, [l,x", with
hally = [ 7 |h(zys ..., T)ldTy .. dT,.  For causal
systems, /,, is zero for 7, < 0.

For causal systems, the mono-lateral Laplace
transform of #h,(tr;,...,7,) is denoted H,(s,...,s,)
(Abramowitz and Stegun 1970, (29.1.2)). For s,

Re(s;) > 0, H, is analytic.

u(t) » {hn} y(t) »

(5)

Figure 2. System (S) represented by Volterra kernels.
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{fa} {fn}
u(l Yt wu(t _*C >y i
4
@ {gn} ) {gn}
= {fn} = (lifelar) -

Figure 3. Sum (a), product (b), and cascade (c) of
two systems.

2.3. Interconnection laws

The kernels {H,} of the systems (a), (b), and (¢) in
figure 3 are given respectively by (Hasler 1999, pp. 34, 35)

Hn(sls---asn) :Fn(Sl,...,S,1)+G,1(S1,...,S”) (7)

n—1

Hn(sla cee asn) = Z Fp(sla cee ’Sp) Gn—p(sp-Ha cee 7Sn) (8)
p=1

Hl/l(sla'-"sn):Fn(sla""sn)G](Sl—i_”'+Sn)' (9)

This paper is devoted to solving the acoustic prob-
lem using the Volterra series representation, and in
particular, the relations (7)—(9) for the kernels. The
method is now detailed.

3. Method and analytic computation of the kernels

This section introduces the method for computing
the Volterra kernels of the system which generates the
output ¢(¢,0) from the input ¢(0,0). More precisely,
the continuously space-parameterized state ¢(£,6) is
described as the output of a ¢-parameterized Volterra
system. It is well-known that in the case of ordinary
differential equations, the Volterra kernels are obtained
recursively by solving systems of linear algebraic
equations in the Laplace domain. In the present case of
partial differential equations, the kernels are param-
erized by the spatial variable €. It will be shown
that they are obtained recursively by solving a linear
differential equation (with respect to £) in the Laplace
domain (with respect to 6). The derivation of these
equations is decribed in §3.1.

Subsequently, the resolution of this equation is
performed in §3.2. It yields analytic expressions for
the kernels in the form of a recursive formula which
decomposes the solution on a set of exponentials.

Finally, in §3.3, a more clever decomposition
is obtained, which significantly simplifies the analy-
tic computation of the kernels. This decomposition
allows a straightforward implementation for numerical

4(0,6) > {h%ﬁ) } »

Figure 4. Definition of the Burgers’ kernels.

O¢

9(0.9 { hg}} 4(6,6)

Figure 5. The output of the looked-for Volterra system
representation are exactly those which make the out-
put of the operator X +—Y = BZX—l—aOaé/zX — XX
vanish (see (5)).

computations. Furthermore, it is well-adapted for exten-
sions to other models and non-linearities.

3.1. Deriving the equations satisfied by the kernels

Let the system (S) give the output y“)(é’) =q(¢,0)
from the input u(f) = ¢(0,6) where ¢ is governed by
(5). Let [AP@,....0)},av be the f-parameterized
kernels of (S) (figure 4).

By definition, this system is the identity for £=0 so
that

HO(s) =1 (10)

HOG,...,5)=0, Vn>2. (11)

Requiring that the Volterra kernels defines a
system such that the outputs satisfy (5) is equivalent
to imposing that the system represented in figure 5 is
zero.

As the linear operator 9, does not involve 6, the
concatenation of the Volterra system with 9, leads to
the system (S1) defined by the kernels aeH,(f)(sl, ey Sy)
in the Laplace domain. The operators 9, and aoaé/z
are associated to the linear kernels F;(s)=s and
G(s) = ags'/? respectively. The kernels of the Volterra
system (S2) which generates the output of aoaé/ 2 are

ag/51 F - F5, H sy, ...,s,) from the interconnec-
tion law (9). Those of (S3) which generates the output

of the non-linear part are —Zz;}(sl + -4 5,)%
f{,(f)(sl,...,;K)H,SQP(SPH,...,sn), from (8) and (9).
Finally, writing that the cascade of systems depicted

in figure 5 defines the null system is writing that the
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sum of the three systems (S1)+(S2)+(S3) is zero.
From (9), this leads to

BZHI(IZ)(Sla'“)Sn)—i_ 0o /81 +"'+Sn Hr(f)(sla'“asn)

.
= i) HOS1 e 5) HY Syt 80)
p=1

(12)

which gives a linear ordinary differential equation to
solve for each kernel H'®.

3.2. Analytic solutions of the Volterra kernels

Equations (10)-(12) make the resolution of the
kernels possible, as described below.

3.2.1. Linear kernel. For n=1, equation (12) is
3, H'(s)) + ag/s57H (51) = 0 (13)
41 () 0+/5141) (8

so that the solution which satisfies (10) is

H(s)) = e @5 Re(s;) > 0. (14)

3.2.2. Second order kernel. For n=2, equation (12)
becomes

aeng)(Ssz) + /51 + S2H£K)(Sle $7)
= g0 W WSTHYR) (15)

The solution which satisfies (11) is obtained

) S e~ lVsIF o —aob(Fi+5)
H2 (Sl’s2):— . (16)
a0 SRS

3.2.3. Higher order kernels. By recurrence, it is proven
in the next section that the kernels H'” have the form

e
Hsy,....s,) = Z Pi(s1s- - 801) AG ) (17)
1 5o

where P; is a polynomial, 1/4; is a rational function in
square roots of sums of s;, and ¢; is a sum of square
roots of sums of s;.

3.3. Decomposition of the kernels
Theorem: The Volterra kernels are given by

HO1.8) =Y Pelstaeo s )01 0s) (18)

kekC,
® Z P L ACERE)
S8 =) (19)
- ! )»GAK AK,)L(SI PR 5SI1)

where the sets of symbols IC,, and A, and the functions P,
¢, and A, ; are given by the following recursions:

(a) The set of symbols K is composed of a single
element which is arbitrarily denoted by 1

Ky ={}. (20)
The set of symbols IC,, is obtained by the recursion

n—1
K, = J{K, x Koy} Q1)
p=1

where ‘X’ is the cartesian product of sets. The
symbols k| X (ky X k3) and (k] X k) X k3 are con-
sidered to be different.

(b) The polynomial P, (s, ...,s,_1), k € IC, is defined,
forn=1, by

P =1 22)

and, for n>1, if Kk =k} XKy, with k€ lC,,
K| € K:p, Ky € lcn—p by

PK(slw-'asnfl):(sl ++Sp)
X P (S50 0585-1)

X Po(Spetn-osuc)e (23)

(c) The set A, k € K, is defined recursively, based on
the sequence of arbitrary symbols w;, i =1, 2,. ..,
as follows. For n=1

A, = {w} (24)
For n> 1, and k = k1 X Kk
A = (A, X A,,) U fw, ). (25)

(d) The function ¢,, A € A, k € K, is defined as
Sfollows. If » = w,

¢w,,(sla---’sn):\lsl +ee Aty (26)

and if A = A X Ay, corresponding to k = k| X k3,
with ky € Kp, 1, € K,

¢A(S1> s ’Sn)
=3, (515 58) + D, (Spsis -5 Sn)- 27)

(e) The function A, ;, » € Ay, x € K, is defined as
follows. If n=1 and thus k =t and A = w,

At, Wy (sp)=1. (28)

If n>1, k=K Xky, with K, €K, Ky €K
and correspondingly A = x| X Xy

n—p»s

A3 (5150 58,) = —ag Ay, 3, (S15...,5,)
X AK],)»Q(Sp+1’ cee ,S,,)[qu(sl, oo ,S,,)
eV i s B 29)

Finally, if n > 1 and A = w,
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1

AK, w,,(sla ey Sn)
1

== > — (30)

reAN(W,} AK,A(SI’ ey Sp)

Proof (by recurrence): For n=1, I, = {¢}, A, = {w},
and thus

© e %0ty (51) wl 5
HOs) =P, = — el 31)
! ( : ‘ At,wl(sl)

which coincides with (14).

Now, suppose the theorem 1is true for orders
1,...,n— 1. The nth order Volterra kernel H,(f) must
satisfy the linear differential equation (12) in ¢ with
initial condition (11). Its solution is

[_[’(Il)(sl yeeesSy)
n—1 .

= Z (514 +5,) / G NaE
p=l 0

x H/E\‘)(Sl yees ,S,;)Hﬁx_),,(s/,_,_l soss,)dx

n—1 y

:Z(&l +"'+Sp)/ o (E— V5T,
p=1 0

e*ﬂox%,(»"l,--m\'p) i|

X|:Z Z Pk](slw"sspfl)A

K|E)CI))"|€AKI Kl,)ul(xlsu-ssp)

e*%-*‘(ﬁ;.z(s,,ﬂ ..... Sn)
x Z Z PKz(b'p+1,...,sn71)7 dx

Ky €K, M €A, AK:J»: (‘317+1 seeesSp)

n—

1
=YY it )P (1S )P Syt Sum1):
1

k1ekp
k26Kn—p

p=

4
/e—w—w—.n+-~-+.vn—aox<¢,;1m ...... 5+ )

x Y0

Apede AK] A (Sl ERRN ﬂsp)sz,Az (Serl EEER ,Sn)
hpediy
(32
n—1
:Z Z PK|><K2(S15~~~9Sn71)
p=1 x1kp
kyeKn—p

A€y

—aply/s1++s,
—e ' ”)/(_QOAKI,AI(SIV",Sp)Akz,)\z(Sp-Ha-uasn)

X (q&xl(sl,...,sp)+¢x2(sp+l,...,s,,)—«/sl +-~—|—s,,)>j|

o0l (515m005)

:ZPK(Sls---sSn—l)[ Z }m

kelC, reAN\{w,
e, 1 }

reAd\w,} AK,)»(SI s ,Sn)

e*ﬂuwﬁ(sl ...... Sn)
= Z P(s1,...58,-1) Z L (33)

kek, A, AK,A(S15~~-9S11)

which shows that H“ has the form as stated in the
theorem and thus concludes the proof. L]

3.4. Computation of the three first kernels

To get some feeling for the form of the various
quantities, the explicit expressions are given for n=2
and n=3. The elements of the sets K, and A, are
enumerated according to the ordering defined by

K1 X(K2XK3) < (Kl XKQ)XK3 (34)
AM XA <w, ifAyxted, and w,eA, (35)

The number of elements K, = card(ICn) of IC, is

K =1 (306)
n—1

K, = K, K, , forn>1. 37
p=1

The ten first cardinals are K; =1, K, =1, Kz=2, K;=5,
Ks=14, K¢=42, K;=132, Kg=429, K9=1430 and
Ky = 4862. The number of elements L, = card(,)
of A, is
L=1 (38)
L.=1+L,L, fork=x« XK. (39)
For n=1, 2, 3, the corresponding L, are 1, 2, 3. For

n > 3, they no longer depend on the order n only, but on
the index «.

34.1. Case n=2.
Ko ={tx}

P (s1) = s
Ay, = {w1 X W],Wz}
Py, = V51 +H /52 (40)
by, =51+ 52
At wyxm (51592) = =g (/51 + /52 — /51 +52)
Ay (81552) = F0o(V/57 4 /52 — /51 + 52).

3.4.2. Case n=3.
Ky={ix@xu), x)x}

PlX(le)(Sl,SZ) =819 (41)
P(th)xt(slas2) =95 (Sl + SZ)
At><(1><t) = {Wl X (W) X W), Wy X Wy, w3 }

(42)
Axiyx = {(Wl X W) X Wi, Wy X Wi, W3 }
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Buyxwyxw, = /1 /52 /53
Doy, = VST 52+ 83
Pusw, = N/S1 52+ /53 (43)
bu, = /51 F 52+ 53

Note that for functions ¢,, the symbols (A; X A;) X A3
and A; x (A; X A3) do not require to be distinguished.
Morevover, the word wy, x --- x wy can be understood
as follows. The symbol w; indicates that k variables
s, are consecutively added under a square-root, while
x corresponds to a consecutive addition outside the
square root.

Ay xmom) = €0 (/524 /53 — /52 +53)
X (VE1+ B+ Vs — s s )
Ao = —00 (/524 /53 — /52 +53)
X (/51 /5253 — /51 +52+53)
ALX(LXL),W3 :‘X%(\/S_l‘f‘ \/5—2"‘\/5_3_ \/m)
X («/ﬂ*‘«/sz +53— /51 +5,+53)
Ay xa, (wy xwy)xomy :a%(\/s"]—i-\/@— NORE
X (V31 + 5+ /5 = s s )
(44)

= (T V- AT
X (Vo5 + 5 — Vo T )
A(le)Xlawz = Al><(t><l)aW3
= (V51 + /52 /53— /51 F 52 1 53)
X (/ST 4+ /52 F 53— /51 F 51 F53).

A(tXL)XL,szn']

3.5. Analytic continuation and singular terms

A priori, the frequency domain kernels are well
defined in the cartesian product of the right half
complex planes, i.e. for the frequency points s=
(s1,---,5,) with Re(s;) > 0. However, by analytic con-
tinuation, they can be defined for each frequency as
holomorphic functions in the whole complex plane,
excluding the negative real axis (C\R™)". This can be
seen as follows. For n=1, expression (31) implies
the fact. The higher-order kernels are determined from
the lower-order kernels by the solution of the linear
differential equation (29), given in (33). Thus, from
the analytic continuation of the lower-order kernels,
we obtain the analytic continuation of the higher-order
kernels.

In the decomposition (19) of the kernels, the
denominators 4, ; vanish at certain combinations of
frequencies and thus the kernels cannot be evaluated
numerically at these frequency vectors by following the
recursive computation described in the theorem, as
it stands. On the other hand, the kernels themselves
have no singularity outside when no frequency is
negative real. Therefore, the singularities of the various
terms must cancel. Indeed, this can be seen explicitly
as follows. Suppose that for some vector s =
(sT, ...,s,i), and some A = A x Ay € A, k € K,

Gi(st, . s = /st +- 4 sh (45)

Then, the term
efaoltﬁ,\(x],...,s,,)

AK,A(SI +---+ Sn)

Pk(sla s :Sn—l)

of the kernel H"(s,,...,s,) is singular at s’ because

of the factor ¢,(sy,....s,) —+/s1+---+s, In A ;
(s1,...,5,) (cf. (29)). On the other hand, the term

e l/siF sy
A, (S15- -5 8,)

contains the same factor, and thanks to (30), we can
write

P/{(Sl»- .- asnfl)

e—aowx(ﬁ»-wfu) e—aoiﬂ/sl+--~+s,1
AK‘,)»(SIS cee 9sn) B AK,w,,(Sla e ssn)
efaoﬁqﬁ,\(xl,...,x,,) _ efaol\/m
- AK,A(Sla"'9SI1)
e~ %Sy
AK,)J(SI + - +Sn)

WeANw,.A)

e—ﬂoﬂf’x(fl,-u,fn) 1— e_a()z[«/‘vla"wsn = §3(S1025)]

A Sty 8) SSTr a8y — Da(S1s ey S)
e—aoem
- _— (46)
NeANwy, M) AI(, )J(Sh ey Sn)
At s = s, this expression has the finite value
6*0103%(51 ..... Sn) . Z efaOA == (47)
- ol —
A3 (S150.0,8,)

A eAN Wy, A AK, )J(Sl L) Sn)

Accordingly, the recursive determination (29) and
(30) of 4, ,(sy,...,s,) has to be completed by the

complement:
For those values of (sy,...,s,) for which
¢)L(Sl>---asn):\/*gl+"'+Sn (48)
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where A=A xA €A, «xek, the value of
Ay 3(s1,...,5,) becomes a function of £ and is
determined by

A(Z)L(Sla . n)— - K] )Ll(sls~--asp)AKZ,AZ(Sp+19-~-ssn)

(49)
and AK‘, w,,(sl: ) Sn) by
1 1
-—=- (50)
A, (51525 8,) AeAN D o) A3 (515 -.,58p)

Note that for a degenerecence of higher order, i.e. when
(48) holds but 4, ; or A4, ; depend on £ because of a
previous degenerescence, similar relations can be carried
out, which still make the numerical evaluation of the
corresponding kernels possible. They lead to functions
l/A(l which are polynomials in £.

4. Numerical results and physical interpretations
4.1. Periodic signals

4.1.1. An analytic resolution of the harmonic balance.
The harmonic balance is a method which determines
periodic dynamics of non-linear systems by computing
the Fourier coefficients up to a fixed order of approxi-
mation. This standard method relies on an iterative
algorithm which makes the coefficients converge
towards the solution (see Nakhla and Vlach (1976)
for a full description of the method). Here, the analytic
expressions of the Volterra kernels allow us to build a
non-iterative resolution of this problem. The method
is given by well- known relations: for a periodic signal
u(9) = oo Ck e the response of the system takes
the partlcular form y(@) o A e where (Hasler
1999, (3.104))

+00 400
dk:Z chl"'

n=l ky,...k,=—o0
ky+ - +k,=k

e, Hy(iko, . .., ik,w). (51)

For real input signals and systems, the hermitian
symmetries c_yp=c¢, and d_=d, vyield u®) =
2Re( Y755 cre™™) and y(0) = 2 Re( 375 di e’k‘”e)

4.1.2. Example for a sinusoidal input. The analytic com-
putation of dj is detailed for a sinusoidal input signal
and considering the non-linearity up to both the second
and the third order.

The input signal is u(6) = acos(wh) (¢; = c_; = a/2
and ¢, =0 else) and the pipe is represented by the kernels
{H,, H,}. This yields an output which is the sum of
a constant, a fundamental (w), and a second harmonic
(2w) components. The constant term is

dozc_lcl[Hg‘f)(iw, — i)+ H(~io, ia))] —0. (52)

The fundamental component is

d71 efia)Q + dl ele — C,IHEK)(_I.(U) efia)G + CIHEK)(I.(U) eiwé)

— ge~ Vo2 cos(w@—aﬂf) (53)

The second harmonic component is

d 21a)0+d 2iwb

= c_lHée)(—ia), —iw)e_zi"ﬁ

+clH gz)(ia), iw) >’

2
aﬂ _aeﬁ T
=————— e "Vcos(2w8 — apl/w + —

2a0(2—ﬁ)[ ( otV 4>

e 0 V2 cos(2a)0 — gl 20 + %>:| (54)

For higher amplitudes, higher-order non-linearities of
the system are activated, requiring to increase the
order of approximations (quantitative estimations are
given below). Considering the Volterra kernels up to
the third order leads to the Fourier coefficients

dy = (g>2[H2(ia), —iw) + Hy(—iw, i0)] =0 (39)
dy = ng(ia)) + (g)B[H3(ia), iw, —iw)+ Hi(io, —iw, iv)
+ Hiy(—iw, iw, la))]

_aog@ n ( ) iw

=3 32 -V2)
e—auaz—f)m _ e—aoem e—aué(\/f—i)\/ﬁ _ e—aozm
X _
=i V2—1—i
(56)
a2 .o
= (5) H(iw, iw)
_ (@ e[ _an ] (o)
2 ay(2-+2)
3
dy; = <g) Hi(iw, iw, iw)
(a)3 3iw e—e0t3Vio _ o—apt/3io
-\ w2V 3-V3
efcrol(l+\/§)m . efaol«/%
(58)
1+v2-43

d,=0 for k > 4 and d_,, = d. Then, the output has the
analytic expression y(6) = 2 Re [22:1 di %], which is
not expanded for sake of conciseness.

Over and above the expected creation of a third
harmonic, another effect of the third order kernel is
the modification of the fundamental component. This
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|di/e1| (dBspL)

4 " L ) " L
125 130 135 140 146 150 1865

a=2r; (dBsprL)

Figure 6. The ratio |d;/c;| of the fundamental amplitude of the output (L = 4.98 m) over that of the input is plotted with respect
to a = 2¢;. The parameters of the experiment are F = 2kHz, Ry =29mm, L =4.98m. As oy =0.164 and y = 1.4 are
reliable parameters (see §2.1), the speed of the sound which depends of the temperature, is determined from the first
measure. It is deduced from the attenuation modeled by |H;iw| since the linear propagation is available at 125dBspL.
The estimation is ¢, = 347ms™'. Experiments (x) and the analytic determination (—) from the the first three Volterra
kernels are quite in agreements. These experimental data have been extracted from Menguy and Gilbert (2000, figure 3a,
curve (3)).

effect has been experimentally measured in Menguy and N=2 or N=3 as the order of approximation in place
Gilbert (2000) and is compared in figure 6. A good of N=4.
agreement is observed, although the third-order

approximation is the coarsest one which can model 4.1.3. Radius of convergence and ideal order of
such a variation. approximation. The analytic computation of the radius

Results of simulations with {H,_; 34} are given of convergence of the Volterra series has not been
in figure 7 for various length of pipes. No qualitative performed. Indeed, determining the kernels in the time
differences are observed for ¢,_; , ;3 when considering domain to evaluate their infinite norms make some

[+ 1 4 1} 1 4 0 1 4 0 1 4

2 3 2 3 4 3 2 3

# (in ms) # (in ms) & (in ms) # (in ms)
Figure 7. The output (-) of the system is computed considering the kernels H,_;,;4 for a sinusoidal input with
a=6e—3=152.6dBsprL, F'=440Hz, o) =4.77¢ — 1 (i.e. a pipe of radius Ry = 1cm), and for £, =0, ¢; =4.95¢ — 3,

6y =788e—3, £3=126e—2, £,=225¢—2, £5=3.58¢—2, £c=57e—2, and ¢; =9.08¢—2. These dimen-
sionless lengths correspond respectively to L =0m, 1.41m, 2.26 m, 3.6 m, 6.44m, 10.26m, 16.34m and 26 m. In order to
appreciate the waveforms, the sinusoid which takes the same maximal value at the same 6 than ¢(¢, 0) is represented with

dashed lines.
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complications appear in the calculus. Nevertheless, an
idea of this radius can be obtained through an estima-
tion computed directly in the Fourier domain.

If a Volterra series has a radius of convergence p, the
kernels H, asymptotically satisfy the relation (Hasler
1999, p. 51)

|Hn(iw1,...,iw;1)| Ng (59)

where B is a constant. In this case, an estimation for
the sinusoidal case presented above is given by (see
figure 8(a, b))

O~ Py = |H,1(ia),. ciw)/H, (iw,. . ., la))| (60)

asymptotically. As expected (figure 8(b)), this radius is
infinite for £ =0 since identity is linear.

From a numerical point of view, a crucial decision
concerns the evaluation of a required order of approxi-
mation: how many kernels may be taken into account to
ensures the validity of the result? Inside the convergence
disc, an estimation of the N-order remainder of the
series can be approximated by

(a/p)"

. 1
[—(a/p) 1)

Rn = ‘:3

Moreover, the Burgers’ generalized model (5) ensures
errors of order O(a*) on the output signal [see (1)-(3)].
As a consequence, it is useless to overstep the order N*
such that Ry- = &°. The determination of such an order
is illutrated in figure 8(c).

4.1.4. Remark on quasi-periodic signals. As for the stan-
dard harmonic balance, an extension to quasi-periodic
signals is possible. The analytic expression of y(6) for
a given set of non-commensurable frequencies also exists
[see Hasler 1999, (3.119) for detalils].

4.2. Discrete time simulation for non-stationary signals

The main interest of Volterra series for time simu-
lation is that it is not limited to periodic, quasi-
periodic, nor stationary signals. This is a crucial
point for most of applications, including sound syn-
thesis. Another interesting feature from a signal
processing point of view concerns the control of alias-
ing. For an approximation of order N, the Shannon—
Nyquist theorem guarantees that no aliasing occurs
taking a sampling frequency F; greater than 2NF,,
where F,, denotes the highest frequency that the
input signal contains.

Thus, making use of a discrete implementation of the
multi-convolution (6) yields an algorithm. The kernels
in the time domain {hﬁ‘”(el),...,hﬁ?(el,...,e,v} can be
computed from the multi-dimensional inverse discrete
Fourier transform of {H%O(ia)]),. . .,h%)(iw],. cdw,).
As a particular case, h(f’(el) can be derived analytically
(Abramowitz and Stegun (1970, (29.3.82))

Y2 2
A, 6. (62)
2,/ 719~13

Another algorithm is obtained making use of the
discrete inverse Fourier Transform to implement the
computation of [Hasler 1999, (3.123)]

+00
y@)=§jﬂﬁvmmu.vw»
n=1

X Hn(iw] 9 l-wn)ei(w1+---+w,,)9 dCL)] e da)m (63)

which uses the frequency domain version of (6) and
where U(w) denotes the Fourier transform of u(9).

Such methods have a very high cost of computation
due to the multi-dimensional convolutions (6) and
multi-dimensional inverse Fourier transforms (63),
respectively. For this reason, the following example is
computed only for N=2. To build an example of
a musical application, the pipe is defined for
Ry=5.6mm and L=4m, so that «y=0.852 and
¢ = 1.4e — 2, and where R, is typical of a brass musical
instrument. The input signal u(6) has the main features
of a “musical note” (an attack, a sustain, a decay, a
vibrato) and is described by

0
u(®) = A(6) sin(Zn / f(7) dr) (64)
0

where the amplitude 4 and and the frequency f are given
by A(0) = a6/6, for0 <6 <6, A¥) = aford; <6 <6,,
A(G) =da (1 — (9 — 92)/(93 — 92)) for 92 < 6 < 93, and

f0) = Fy+ Apsin2nF,;,0). In order to exhibit the

progressive activation of the non-linearity, a smooth
attack is chosen with 6; = 150ms. Other parameters
are a=4.8¢—3=150.6dBspL so that N* =3,
6, =100ms, 63 =500ms, Fy=440Hz, Ap=22Hz,
and F,;, = SHz. The spectrograms of the input and
the output are given in figure 9.

The simulations yield satisfying features, mainly:

e the output signal is damped because of the visco-
thermal losses;

e the ‘non-stationnary’ second harmonic is created
which coincides with the frequency 2f(6);
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Figure 8. The estimation of the radius of convergence p, is computed for n € [1, 8] with parameters £ = le — 2 (A), 9.08¢ — 2 (o)
and 0.6 ([J) with oy = 4.77¢ — 1 F=440Hz (a). For (A) and (o), pg yield quite good estimates whereas for (LJ), p, has not
still converged. Similar computations for ¢ € [le — 3, 1] are compiled in (b). As a consequence of (a), p(£) is a quite good
estimation for £ < ¢, and an significantly overvalued one for £ > £,. The amplitude and the lengths ¢, used for the
simulations of figure 6 are plotted with (4): increasing the order of approximation for ¢4 and £, will yield asymptotically
bad results since the series will diverge in thess cases. In (c¢), the orders of approximation N* leading to errors on ¢(¢, )
similar to that due to the original model (5) are represented. When the remainder of the series R, is of order a, the
corresponding truncated Volterra systems give a coarse representation of the original model. When R, = Ry« is of order
&, they give an accurate representation which cannot be improved from the original model point of view. The order of
approximation and the lengths ¢, used for the simulations in figure 6 are plotted with (+). It clarifies why the simulations
performed with N = 2,3,4 have no qualitative differences for £;_, , 3. For the same reasons as in (b), the part £ > £, is

underestimated.

e this harmonic appears progressively for 6 < 6, representations but only of these algorithms. Boyd
and slower than the fundamental component; has shown that Volterra kernels can be approximated
this enlightens the progressive activation of the by finite-dimensional non-linear systems which make
non-linearity with respect to the amplitude A(9). low-cost simulations possible. This tricky step is not

invetigated here but the examination of difficulties,

The heaviness of the algortihm may not be esentially due to the fractional derivative in (5), is

considered as a drawback of the Volterra series discussed below.
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Figure 9. (a) Spectrogram of the input u(f) and frequency
f(©) (= -). (b) Spectrogram of the output ¢(¢, §) and
frequencies f(0), 2f(6) (- -).

5. Limitations and extensions
5.1. Limitations

The complex structure of the kernels in the Laplace
domain makes the analytic derivation of inverse Laplace
transforms difficult. A first difficulty comes from the
square-root of the Laplace variables, due to viscother-
mal losses, requiring to define the kernels H, with a cut,
namely on C\ R™. This leads complication in defining a
(n — 1)-dimensional Bromwich contour and applying the
residue theorem to derive the inverse Laplace transform.
Only the kernel H; has the well-known solution (62).
The second difficulty is due to the expressions of the
functions f,, which makes the proof of the convergence
of the series difficult. Only a numerical estimation of the
radius of convergence has been performed here.

The numerical computation of the output for non-
stationary inputs requires a very high amount of floating
point operations. A better means would be to build a
realization of the system from identification of the
kernels (Rugh 1981, chap. 4) and simulate this system.
But, the identification of such a realization is not
straightforward, once again. The first reason still comes
from the pseudo-differential operators such as /s
and e_“ozﬁ, which are associated to infinite dimensional

time-realizations (Staffans 1994). The second reason
comes from the non-unicity of the Volterra kernels.
Identifying a realization from kernels can be performed
from the ‘regular kernels’ (see Rugh 1981, chap. 4)
which are not those derived here. Unfortunately, their
computation makes difficulties similar to those of inverse
Laplace transforms appear.

5.2. Extensions

The method presented in (3) with the decomposition
(18) can be straightforwardly extended to model with
polynomial non-linearity of higher order and for other
kind of dampings. Thus, replacing the damping model
—apa/5G(L, s) by —ag H(s)§(¢, s) leads to the same
solutions taking s—H(s) in place of s+—./s to build
the functions ¢, .

Replacing the non-linearity ¢d,q by P[dg] O(q) where
P and Q are polynomials yields a more general sum
of crossed products in place of the right hand-side of
(32). Building the functions £ and the identification of
polynomial coefficients keep a similar recursive law,
adapting the sets of indices K, and 4,.

Two more general extensions are also quite straight-
forward for some favorable cases, which are now
briefly described. The first one concerns the order of
the spatial derivatives. For orders n higher than 1, writ-
ing the model as a first-order one for the state
(¢, 3,q,...,3 'q] and the associated boundary con-
ditions can lead to similar resolutions. The second one
concerns problems involving several spatial variables for
which the system is controlled by a single input. This can
be the example of a physical problem for which the
active boundary condition is uniform on a surface of
control, e.g. pistons for mechanical problems. In this
case, the Volterra kernels depend on several space vari-
ables and (12) becomes a partial differential equation
but it is still linear. If analytic solutions exists for the
given boundary conditions, a recursive analytic defini-
tion of the kernels can still be achieved.

6. Conclusion

A method to solve analytically a boundary con-
trolled weakly non-linear partial differential equation
has been developed, by representing the input/output
system for time-varying signals with Volterra series.
To the best knowledge of the authors, Volterra series
have never been applied in a systematic way to partial
differential equations. For the non-linear acoustic pro-
pagation model presented here, described by a general-
ized Burgers’ equation, the Volterra kernels has been
computed analytically in the Laplace domain (with
respect to the time variable). Recursive formula that
can readily be implemented on a computer allow us to
determine explicitly the Volterra kernels of all orders,
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yielding an interesting alternative to the recursive
calculations by the standard perturbation method
e.g. (Schelkunoff 1945, p.207-209).

When Volterra series are applied to systems
described by ordinary differential equations, the kernels
in the Laplace domain are determined recursively by
solving linear algebraic equations. In the case of partial
differential equations, the equations to be solved become
differential ones but they are still linear. In the case
presented here, they can be solved analytically.

The explicit expressions for the Volterra kernels
allow to obtain an analytic resolution of the harmonic
balance method, that is used when the input is periodic
and quasi-periodic. Usually, this method is only per-
formed numerically. Most important, however, is the
fact that the Volterra series representation of the
input/output system allows to apply also non-periodic
signals. Computations which avoid aliasing have been
implemented by carefully controlling the order of
approximation of the series and the sampling frequency.
The algorithm, however, is computationally very costly.

If the input/output representation system is to be
simulated in real time, as e.g. for virtual musical instru-
ments, the kernels have to be approximated by rational
functions in the frequency domain in order to arrive
at systems that can be described by a finite number
of ordinary differential equations that in turn can be
described efficiently. The problem with the case treated
in this paper is that the solutions of Burgers’ equation
have a long memory, because the impulse response of
the linear part decreases slower than a damped expo-
nential. Previous works on linear systems with this prop-
erty, however, used the method of so-called diffusive
representations successfully, which suggests the exten-

sion of the method to weakly non-linear systems repre-
sented by Volterra series. All put together would allow
to arrive at good quality computationally low-cost rea-
lizations of long-memory weakly non-linear systems.
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