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Abstract—1In this paper, the Volterra series decomposition of
a class of quadratic, time invariant single-input finite dimen-
sional systems is considered. These systems are represented
using Volterra series. An explicit and computable lower bound
of the radius of convergence is obtained. Moreover, guaran-
teed error bounds in L°°(R,) are given for the truncated
series. These results are illustrated on numerical simulations
performed on academic examples.

I. INTRODUCTION

Volterra series were introduced by the Italian mathemati-
cian Vito Volterra [Vol59]. They can be viewed as the
generalization of the transfer function of a linear system.
These functional series expansions are convenient tools for
on-line simulation or system identification [DPO02], but it is
often difficult to obtain convergence results and bounds for
the series.

In this paper, such convergence results and bounds are
obtained in the case of finite dimensional ODE quadratic
systems.

The paper is organized as follows. In section II, some
recalls on Volterra series are given. In section III, the class
of systems under consideration is defined (sec.III-A) and a
standard recursive formula for the associated Volterra kernels
is derived (sec. III-B). Section IV is devoted to the main point
of the paper: first, the convergence of the Volterra series
is proven and an explicit and computable lower bound for
the radius of convergence is obtained; second, guaranteed
error bounds in L*°(R,) are given for the truncated series.
Finally, in section V, numerical simulations are performed on
academic examples. This illustrates how easily the truncated
Volterra series can be implemented.

Detailed proofs of the theoretical results presented in
section IV as well as their extensions to MIMO systems can
be found in [HLO7].

II. VOLTERRA SERIES
A. Volterra series of time-variant systems

Following [LL94, p.113], the Volterra series of a time-
variant system can be defined as follows.

Definition 1: A causal SISO-system can be described by
a Volterra series {h,, }men if there exists functions h,, :
RTH — R, for m € N which are locally bounded,
piecewise continuous and such that, for all 7' > 0, there
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exists ¢(T") > 0 such that for all piecewise continuous
function u satisfying |u(t)| < ¢, V¥t € [0,T] the series

m

y(t) =ho(t) + > /[0 hn(t, 71m) [ [ w(m) drim (D)

meN* ™ j=1

is normally convergent, using the concise notations N* for
the set of strictly positive integer and, for 1 < p < g,

(Tp,q) = (Tp77p+17--~77'q)7
q
drpq = H dr;. 2)
Jj=pr

Nevertheless, natural extensions to more general settings
can be defined. For example, taking h,, in L} (R7*')
or L= (Ry,Lj, (RT)) still yields well-posed definitions.
In this paper, more specific spaces will be introduced in

section 1I-B.2.

B. Volterra series of time-invariant systems

We refer to [Boy85], [Has99] for developments in this
section.

1) Time domain and Laplace domain: For a time-invariant
system, the kernels are such that, for m € N*, it exists 7Lm
such that

hm(t7 7’1,m) = ﬁm(t — Tyt — Tm)- 3)

Moreover, the zero-input response of the system hg can be
omitted considering the difference output §(t) = y(t)—ho(t).
Then, using the change of variables t; = t — 7;, equation (1)
reduces to a sum of standard multi-convolutions given by

m

g(t) = Z [ ]Em(tl,m) H u(t - tj) dtl,m- “4)
0,4]™ i

meN* =1

For sake of legibility, the tilde of ﬁm(tlﬂn) will be omit-
ted (without ambiguity since the number of independent
variables in h,, makes the time-variant and time-invariant
versions distinguishable with m + 1 and m variables, re-
spectively).

The mono-lateral Laplace transform of the time-invariant
kernels is denoted with capital letters and defined by, Vm €
N*, ¥(s1,m) € Dy, C C™,

m

Hm(sl,m) = hm(th)e_(Sltl+m+sm,tm>dt17m> (5)
R
where Dy, denotes the domain of convergence of the

Laplace transform. For stable systems, H,, is analytic in
Dy, D (CF)™ where Cf ={seC|Re(s) > 0}.



2) Functional spaces, characteristic function and a BIBO-
convergence theorem:

Definition 2 (Functional spaces): Let (m,n) € N* x N*
and p € [1,00]. The spaces V" and B} are defined by

vt = LYRT,RY) (6)
B, = L¥(R4,Ry) Q)

where R} is the euclidean space of dimension n en-
dowed with the standard p-norm defined by |||, =
(lz1]P + - + |zn[P)/? for p € [1,00] and by ||]|s =
max(|z1],...,|xn]|) for p = co. When n = 1, all the p-
norms are identical so that p is omitted in this case.

Definition 3 (Characteristic function): Let {hy, }men+ be
the Volterra series of a time-invariant SISO-system, such that
Vm € N* ||hpllyms = [gm [hm(t1,m)|dt1 m is bounded.
The characteristic function g;h of {hu}men+ is defined by
the power series

on(2) = Y Mhmlyma 2™, ¥zl <p, ®)

meN*

where p is the radius of convergence of the power series.

Theorem 4: Let {hy,}men+ be the Volterra series of a
time-invariant SISO-system such that the characteristic func-
tion ¢, has a radius of convergence p > 0. The Volterra
series is convergent in B! for inputs such that ||ul|z < p.
In this case, the output y is bounded and satisfies

lyllsr < en(llulls)- )
This result is quite interesting for system analysis since it is
non-local in time. Nevertheless, it requires the determination
of the radius of convergence p and bounding || Ay, ||yym.1 is not
straightforward. This paper copes with this practical problem
and establishes practicable BIBO-results.

3) Interconnection laws: Let {fm tmen< and {gm }men=
be the Volterra kernels of two systems, associated to the char-
acteristic functions ¢y and ¢, with radius of convergence
pr and pgy, respectively. Connecting these systems through a
sum of outputs, a product of outputs or a cascade still defines
a Volterra series [Has99, p. 34,35] with kernels {h, }men
such that for m € N*,

o Sum : For (t1.,) € (R+)m, (s1,m) €Dy, NDy,,, 2 €
[0, min(py, pg)l.

hm(tl,m) = fm(tl,m) +gm(t1,m)a (10)

Hm(sl,m) = Fm(sl,m) + Gm(sl,m)a (11)

en(z) < 9r(2) +4(2). (12)

Product : For (t1,n) € (Ry) . (s1m) €

1§p2m—1(ka X ng,—k)’ z€[0, min(py, pg)[’

m—1

hm(tl,m) = Z fk(tl,k)gm—k(tk+l,7n)7 (13)
k=1

Ho(s1.m) = 3 Fi(s1.6) Gumn(ski1m), (14)
k=1

en(2) < @5(2) pg(2). (15)

oo Cascade with a linear system : For (t1,,,) € (R+)m,
(s1,m) €{(s1,m) €Dy, | 51.m €Dy, }. €0, pyl,

nlti) = [ 91(60) f (b1 01)06, (16)
[0,min(t1,m)]
Hy(s1,m) = Gi($1m) Fin(s1,m)s (17)
en(z) < lgulver @ (2). (18)
where 51, denotes the sum of the Laplace variables
Sim =814+ Sm. (19)
ITI. QUADRATIC SIMO SYSTEMS
A. System under consideration
Let the quadratic ODE system be defined by
T Eix
T = Azxz+ : + B u, (20)
T Exnx
y = Cugx, 2D

for t € RT with x(0) = 0, where u(t) € R, x(t) € RV
and y(t) € RY are the input, state and output of the system,
respectively. All matrices are real and A is N x N, B is
Nx1,Cis1xN,and E, (n=1,...,N)are N x N. This
system can be viewed as a second order approximation of a
nonlinear system of the form @ = f(x) + Bu, y = C«x
around the initial state 2(0) = 0.
Definition 5 (Strong and weak solutions): Let

C¢ (R4, RY) denote the set of all C', RV -valued functions
with compact support in R. (x,y) is said to be a weak
solution of (20-21) in B) x BI? with p € [1,00] iff,
Vw € CE(R4,RY),

wlzdt+ [ wl Az dt
R4 Ry
)
+ / w’ dt+ [ w'Budt =0, (22
R zTEnz R+

and y satisfies (21). Moreover, (x,y) is said to be a strong
solution, if it is a weak solution and z is C1 (R, RY).

B. Derivation of the Volterra kernels

The formal computation of Volterra kernels is well-known
and standard (see [Fli81], [LL94], [Isi95]). It can be derived
easily using the interconnexion laws of section II-B.3 on
the formal Volterra series expansion of the solutions. This
yields a (linear) recursive formula which must be satisfied by
the Volterra kernels. Using the notation of the time-variant
systems h.,(t,T1,) rather than the time-invariant version
hy, (t1,m) with t; =t — 7;, this yields, for all m € N*,

[INat - A] h’m(t7 7-l,m) = .fm(ta TLm)z (23)
filt,m) = Bi(t —mn), (24)
m—1 (h’k(t/ Tl,k))TElhm—k(ta Tk+1,m)
Fultrim) = 3 ;
k=1 (hk(t» Tl,k))TEthfk(t»Tk+1,m)

it m > 2. 25)



The solution is

hi(t,7) = eA"TB 15 (t — 1), (26)
t
hm(ta Tl,m) = / eA(t_a)fm(ele,m) do
max(T1,m)
g+ (t— max(ry,m)), if m>2, (27

where 1r+ denotes the Heaviside function.

IV. CONVERGENCE AND GUARANTEED ERROR BOUNDS

In this section, standard p-norms of vectors x (see 1I-B.2)
are considered for a fixed p € [1,00]. Norms for matrices
M and bilinear forms E and given by,

M|, = sup Mz, (28)
[l]|p=
|Elo, = sup |y"E=|. (29)
llllp=1,llyllp=1
Theorem 6: Consider system (20) with

max (%e(Spec (A))) < 0. Let {h,, }men- be the Volterra
kernels defined by (26-27). Then, for all p € [1, +o0],

m—1 m
||hm||V:1,N <o, (ep ap) (thHVZl,*N) ) (30)
with
T
o = ||IBle, - IBxle,]"| . @D
o = / [Je]], g < oo, (32)
Ry
B = Oy = G D) 33)
moe mfl_m!(m—l)!' (
Note that
”hl”V1 N < ap HBHp < 00, (34
and that C,, = ®,,4; for n € N are the Catalan numbers

(see e.g. [FSO7)).
Proof: The main steps of the proof (detailed in [HLO7]) are
sketched below.

Equation (34) is straightforward and, (30) is satisfied for

= 1 with equality by defining ®; = 1. Then, (30) is

proven with ®,, = Zzn:_ll &, ®,,_1, by induction, consid-
ering that (30) is satisfied for any m’ with 1 <m’ <m —1
and making use of, for m > 2,

m—1

Ry~ <€pap D Ikl Rkl ym-rx,  (35)
k=1

with the notations defined in the theorem. This recursive
relationship on ®,,, defines the Catalan numbers C,,_;
recalled in (33).

For m < 2, the inequality (35) can be derived by proving
the successive following inequalities. From (3) and (27)
choosing t = 0,

Il < [ o], ( [ 16111, dtl,m> de.
Ry [§;+o00[™

From (25),
m—1
1 Fn (s 7)< 60 [Pkt 700 [ [ Bm— (s Tt .m) -
k=1
Then,
m—1
Il bl 1. <6 Yo [y
[€,4-o00[™ k=1
so that (35) is satisfied. a

Theorem 7: Let p € [1,00]. Let the system (20-21) be
such that max (Re(Spec (A)) ) < 0 so that thHV;W < 0.
Then, the Volterra series expansions of the state and output
of the system (20-21) converge in B]JDV and B!, respectively,
for all input u € B! such that

Zy(u) < 1/4, (36)
where Z,, : B! — R is defined by
Zp(u) = ep ap [[hallyrn [lullr, 37)
so that the radius of convergence p;, satisfies
pr = pi, = [ep o [[Palyn] 7 (38)

In this case, the following results hold:

(i) The sum of the series is a weak solution of the system. If
u is in C°(Ry,R), this solution is also a strong one.

(i1) The output y and the state x are bounded as:

lyllge < IClp Izl (39)

O (Z,(u)
lllsy < @np(llulls) < (%) (40)

EpQp
(iii) Errors due to the truncation of order M € N* have
guaranteed bounds:
EFy (Zp(u)>
& — Vi) gy < ———->, @41)
P €p Op
Fur (Zp(u))

ly = Varyllge < ICI,——, 42

» €p Qp

where
P pppq 2MH
F < =0 43
Fulz)] < M @)
1 (4Z)M+1
2/m(M+1)(2M+1) 1 -4z

These results involve the following definitions:
Pz Z [ (44)
D(z )—(1—\/1—4z)/2 (45)
Vma(t Z/ (T1.m H u(t —7;)drim, (46)

m=17R™ j=1
Vmy(t) = C VMﬂc( ) A7)
Fu(z Z o, 2" (48)
m=M-+1



and €,, ay, P, are given in theorem 6.

Note that ¢y, ;,, generalizes definition 3 to SIMO-systems.
Proof: The sketch of proof of (36) and (ii,iii) is as follows
(for a detailed version of (36), (i-ii), see [HLO7]).

From (21), ||yHB;;> < |C|lp[l|| 5y . Moreover, from theo-
rem 6, |z[lsy < onp(lulls) < 2(Zp(u))/(eparp) where
Q(2) = e Pmz™ = 2D,y Cn2" = (1 —V1-4z2)/2
is absolutely convergent for z < 1/4. Similarly, for the
remainder Ry;x = x — V) x, we prove that

i”hm”vg"w (HUHBl)m

|Rue] gy <
m=M-+1
1 > m
< — > 0 (Zy(w)",
PEP m=M+1

which converges for Z,(u) < 1/4. Now, rewriting the

Catalan numbers as @, = 4T:n_1 (Fg::i{)z) 23;:) and
using Wallis’formula [AS70, (6.1.49)], ﬁ (1-5=) <
I'(m+1/2) 1 : 1 —
— A from which (41-43) are deduced using the
Vayvm (m-1)

superior bound &,,.

V. SIMULATION

To illustrate the previous theoretical results, computation
and simulation are proposed on two academic examples.
The optimality of the bounds computed is investigated. In
each case, guaranteed convergence radii and guaranteed error
bounds are explicitly computed for three p-norms (p =
1,2,00). A low-cost numerical simulation of the truncated
series is proposed.

A. First example
Consider the system (20-21) with N = @ = 2 and

A = —ulp (49)
1

B = 50

( o

Cc = I27 (5])

E, = ﬁ2—" ((1) (1)> for n € {1, 2}, (52)

where i, v, §1 and (5 are strictly positive parameters. Such
a model describes phenomena involving two entities with
the same decay rate p, a growth speed (312 x1 22 and an
external input term proportional to u. The quadratic factor
x1 xo of the growth speed models the probability for x;
to meet z2 and, for E,,, to produce more zx,, through the
coefficient (3,,. For instance, these equations could model
some catalytic processes, or auto-activating gene network,
or the death/birth process in an animal population structured
according to gender, etc. Note that this system is positive:
x1,2(0) > 0 and w > 0 implies 12 > 0 on Ry (212
represent the (positive) quantities of the entities “1” and
“27”).Parameters are chosen as follows: y = 0.3, v = 0.1,
(1 =0.04, and [ = 0.02.

We start by investigating the existence and local stability
of a positive equilibrium state for a constant positive input
u = a. An easy computation shows that the system has two
positive equilibrium states if and only if 0 < a < a* =
W ~ 2.15, one of them being locally stable and the
other one unstable. Numerical simulation confirms that if
a < a* the systems state is bounded, and on the contrary, if
a > a*, then the state is unbounded. As a consequence, the
convergence radius for the Volterra series is expected to be
less than a*.

For p =1, p = o0 and p = 2, calculations lead to

1
Q] = Qg = Qoo = — =~ 3.33,

60025120.04,61:/81—552

/32 2
i+ B ~ 0.022,

€ = ————

2
Rallyrz = (1+7)/p = 3.667,

||h1||V21’2 =+/1+ ’72//1, ~ 3.35,

”h’l”Véo’m = 1/,“ ~ 3.33.

=0.03

From theorem 7, the corresponding guaranteed convergence
radii are p} = [4e, ap [|hiy12] 7", namely,
p

pi =12/ (4e1(1+ 7)) =~ 0.68,
ps = 1i°/ (4e2/1 +~2) ~ 1.008,
pho = p?/(4es) = 0.56.

As all p-norms are equivalent in finite dimensional spaces,
the series is convergent for any p-norm although the criterion
is not necessarily met. Here, the best convergence radius
among pj, p5 and p_ is then p* = p5 which satisfies as
expected: p*/a* ~ 0.5 < 1.

Hence, for U = ||lu||g1 < p*, the output is guaranteed to
be bounded and the truncated series (at order M) yields an
error less than:

Do (e2 a2 [[hallyp2U)MH

g =
€9 Ozg(l — 462 (65 ||h1||V21,2 U)

O (0,248 U)MHL
0.074 1—0.992U °

Criterion (36) in theorem 7 therefore provides a lower bound
for the convergence radius of the Volterra series that might
seem conservative when restricting the system to the positive
input/positive state situation (or equivalently here to the neg-
ative input/negative state situation because of symmetries).
This problem is related to the use of matrix norms that
cannot take into account the signature of the quadratic forms
involved in the quadratic part of the system, as we shall see
on the second example.

The simulation of this system is performed below for M =
3 (so that @47 = 5). Inputs w such that ||ul|zp < U* =
0.6 < p* are considered. The error is guaranteed to be less
than

€ ~ 0.08.



Real time implementation of Volterra decomposition is done
as follows: the first order contribution denoted as w is given
by the linear part of the system. In the Laplace domain this
contribution is

Wl(sl) = (51] — A)ilBU(Sl) = Hl(sl)U(sl).

Then m!" order contribution w,, is computed as the sum of
m—1 terms w,,,;, with 1 < k < m—1. In the time domain, a
realization for each w,, is obtained by computing the N dot
products (wy, ()T E;w,, (), for 1 <4 < N, and filtering
the resulting /N dimensional vector with the filter with N
inputs, N outputs whose impulse response is e*1g+ (£) On
figure 1, truncated Volterra series of order 3 for a constant
input u(t) = 0.6 is plotted with the associated guaranteed
error bounds. The truncated series matches almost exactly the

25

20 25 30 35 40 a5 50

time

Fig. 1. Simulation of the Volterra approximation at order 3 (—-),
guaranteed intervals (- - -) using error bounds, and exact solution (—).

true solution of the system, so that, as pointed out before,
the convergence bound as well as the truncation error bound
are conservative in this situation.

B. Second example

In order to investigate the influence of the signature of the
quadratic forms involved in system (20-21) we consider the
same system as above, the only change being the expression
of matrices F,,:

_Ba (1 0
Enf7 0 1 for n € {1,2},

Parameters u, v, 81, and (35 have the same values as before,
and this system is still positive.

As before, we first investigate the existence and local
stability of a positive equilibrium state for a constant positive
input v = a. We easily find that the system has two
positive equilibrium states if and only if 0 < a < a* =
*9452%‘;15‘/% ~ 1.04, one of them being locally stable and
the other one unstable.

The parameters involved in the computation of the conver-
gence radius and the guaranteed error bound of the Volterra
series of the system are the same as in the first example: the
only change is in the quadratic forms matrices F; and Es

(53)

but the resulting values for parameters €1, €2 and €., do not
change. This time we find that the best convergence radius
is p* = p5 which satisfies: p*/a* ~ 1, so that our bound is
very good for this example. On figure 2, truncated Volterra
series of order 3 for a constant input u(t) = 0.6 is plotted
with the associated guaranteed error bounds. We see that the

25
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Fig. 2. Simulation of the Volterra approximation at order 3 (—-),
guaranteed intervals (- - -) using error bounds, and exact solution (—).

computed error bound gives a sensible value in this case.

VI. CONCLUSION AND PERSPECTIVES

An algorithm to build the kernels for the Volterra series
decomposition for a stable system with quadratic state non-
linearity in L°>°(R,RY), as well as a bound on the input
and on the truncation error have been obtained. The resulting
truncated system is easy to implement and simulate.

Further works will now consist in improving the quality of
the guaranteed radius of convergence and error bounds, by
refining the results of theorems 6 and 7 in order to have best
guaranties on particular situations. These results can also be
extended to nonlinear systems with a n** order polynomial
state nonlinearity, and in the future, this analysis can also be
extended (with greater technical difficulties to be overcome)
to some families of infinite dimensional systems such as
nonlinear propagation (see e.g. [HHO04], [HEI06]) or diffusion
equations with polynomial in the state diffusion coefficients.
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