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Abstract—In this paper, the Volterra series decomposition
of a class of multiple input time-invariant systems, analytic in
state and affine in inputs is addressed. Computable bounds for
the non-local-in-time convergence of the Volterra series to a
trajectory of the system are given for infinite norms (Bounded
Input Bounded Output results) and for specific weighted norms
adapted to some ‘fading memory systems” (exponentially
decreasing input-output results). This work extends results
previously obtained for polynomial single input systems. Besides
the increase in combinatorial complexity, a major difference
with the single input case is that inputs may play different roles
in the system behavior. Two types of inputs (called “principal”
and “auxiliary”) are distinguished in the convergence process to
improve the accuracy of the bounds. The method is illustrated
on the example of a frequency-modulated Duffing’s oscillator.

I. INTRODUCTION

Volterra series is a functional series expansion of the solu-
tion of nonlinear controlled systems introduced by the Italian
mathematician Volterra [1]. This tool has been extensively
used in signal processing, control, electronics, mechanics,
acoustics, bio-medical engineering (etc) for modeling, iden-
tification and simulation purposes. There is a vast literature
concerning Volterra series (see e.g. [2], [3], [4], [5], [6], [7],
[8]) but only a few results on the convergence. These are
mainly existence results (see [9] for complex linear analytic
systems, [8], [10] for local-in-time results and [11] for fading
memory systems). More recently, results in the frequency
domain have been developed in [12], [13], results relying on
regular perturbations (that can be related to Volterra series)
are established in [14] and computable convergence radius
for quadratic and polynomial systems are given in [15], [16].

This paper focuses on the computation of guaranteed con-
vergence bounds for the input-to-state Volterra series expan-
sion of a class of multiple-input systems, excited by bounded
and exponentially decreasing signals. A major difference
with the single input case studied in [16] is that two types of
inputs, which play different roles in the convergence process,
are introduced to characterize the convergence domain.

The paper is organized into six sections. Section II defines
the notations, the functional setting and the class of systems
under consideration. Section III recalls some results on
Volterra series for single input systems. Section IV details the
main results of the paper on convergence bounds for multiple
input systems. In section V, these results are illustrated on
an example. Section VI gives conclusions and perspectives.
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II. GENERAL FRAMEWORK
A. Notations and functional setting

The following notations are introduced, where E, Eq, .. .,
Ex (K>2) and F are real normed vector spaces:

e L(E,TF)is the vector space of continuous linear func-
tions from a E to F with norm |[|f[zer =
sup,¢ g, [|f(z)||[r where B is the unit ball in E.

e ML(E,...,Ek,F)is the vector space of continuous
multilinear functions f : Eq X...xEx — F where

Hf”ME(IEl,...,IEK,]F) = Ssup Hf(xh ce ,Z‘K)”IF-
(21,2 )EBRX.. XBrg

L] Mﬁjl,...,jK(Ela ..

ML(Eq,...,E,Eo,..

.,Ex,F)is the concise notation for
GHEo . Bk, .. Egk,F).

1 2 K
Moreover, X =R" Zn eN*) is ;. real vector spaée equipped
with a norm ||.||x and T denotes the time interval [0, 7] with
T >0or R;. For all A\eR; and m € N*, we introduce:
e X, is the set of functions f such that t — e* f(t) €
L£>=(T,X) endowed with the norm

— At
|72 = sup (X (2.

e Uy is defined like X, replacing X by R.

o V" is the set of functions f : T x T™ — X such that
ts (1 MAf(t 1)) € £2°(T, £1(T™, X)),
where VT =(71,...,7m) ET™ T=71+7o+ - - +Tin.
This set is endowed with the norm defined

[ fllvy = sup(e“/ ||f(t77')|lxe"\?dr).
teT Tm

is the set of the series (f,)men+ such that for
all m € N*, fm S V)T\n

Remark 1: U is the set of bounded signals decreasing at
least like e~ . If Ay > \; >0 then Uy, CUy, CUp.

OVS)\

B. Systems under consideration

The systems under consideration are analytic in state x :
T — X, affine in input u : T—R? and described on T by
f(z,u)=Az+ Bu+ P(z)+ Q(z,u), (1)

with zero initial conditions 2(0) =0, where A is a nxn real
matrix, B is a nonzero n X d real matrix, and where P and
@ are expressed as a series of homogeneous contributions

j}:

P(x)=)» Py(z,...,x), Qx,u)=) Qi(z,...,z,u), (2)

with Py € Mﬁk(X,X) and Qi € Mﬁk_l,l(X, Rd,X).



Remark 2: If (x,w) is in the analytic domain of a function
¢ almost everywhere (a.e.), the output y =g(z, u) is bounded
a.e. Hence, we focus on the study of input-to-state relations.

III. RECALLS ON SINGLE INPUT SYSTEMS

This section recalls some results established in [16].

A. Definitions and formal solution

Definition 1 (Volterra series in VS,): A causal  SI-
system can be described by an input-to-state Volterra series
{hm}men+ € VSy if there exist p € R* such that for all
input u € U, satisfying ||u|ly, < p and ¢ € T, the series

= / [Mu)(r)dr, 3
[0,e]™

meN*

vteT, x(t

with [II u|(7) = IT;~; u(7:), is normally convergent in Xj.
The function h,, is called the kernel of order m.

Definition 2 (Index set and selection function): Let m €
N* and K € N*. The set ME is defined by

W = {p € 80 | i+ 4 g = m).

For all pe MX and for all k€ [1, K]y, the selection function
S{; : T™ — TP+ is defined by, denoting 7 = (71, T2, . - -, T )»

55(7) = (Tp1+~~-+pk—1+1v Tpi+-+pe—1+2>- - ’TP1+"'+Pk)'
Note that if K > m, then ME = (.

Proposition 1 (Kernels recursive construction): Let the
family of kernels {h, }men+ be defined by hy : Tx T — X

hi(t,m1) = 1g, (t—71) e~ B, and by h, : TXT™ — X,

B (£,7) = 1z (t — max7) < / o (£.0.7)d0 1 w1 T)>

max T

if m > 2, where 1, denotes the Heaviside function and

O (t,0,7) = eA<t—9>§: > P (hpl (6,55(7)), ...
e N W) Si(m)). @

oA (t=Tm
wp(t,7) = 1R+(Tm_1l<niix ;) et (=T {Z Z
B {qGMk
qr=1

Qr (hql (Tm, S; (T)), ooy hg (Tm, 5571(7')), 1)} . (5)

Then, the Volterra series (3) is a formal solution of system

(1-2).

B. Gain bound function and theoretical convergence result
Definition 3 (Gain bound function ¢)): Let

{hm}men~ € VS, and p € R, be the convergence

radius of the formal series >, . [[im|lvp X™. If p > 0,

then the gain bound function oy of {h,}men+ is defined
for all z € C such that |z] < p by

= > bl

Theorem 1: Let {hm}m;\i € VS, be such that ) has a
non zero convergence radius p > 0. Then, the Volterra series
is convergent in X for inputs such that |[ullz, < px. In this
case, z € X satisfies ||z x, < ¢(||ullu,) < oo.

vm, Z

C. Computable results and guaranteed error bounds

In [16], the following results (with examples) were pre-
sented in the case where P, () are polynomials, T = R, A is
Hurwitz with —a = max (Re(spec 4)) < 0, and A € [0, a).

Proposition 2 (Coefficients ki, x and norm of hi): Let
3 > 0 be such that for all ¢t € T, AtHL(XX) < Be9,
Then, the coefficients defined by, for all k € N¥,

t
Kk, \ = Sup (e’\t/ ||eA(‘t—9)H£(X X)e_kw d@) (6)
teT 0 ’

are finite and satisfy 0 < ke < Ky < % Moreover,
hy € V3 and [h1llv < 25 )\ HB”L(R X)-

Definition 4: The function .  1is formally defined by

deg(Q)
Ihallv: + > QX!

fA(X) - deg( Ilj) : ’

1—Z7>Xk1

with P, :Hkx/\HPkHMEk(X‘X) and Qy :’%/\HQ’CHMQ,M(X,R.X)'
Theorem 2 (Lower bound for the convergence radius):
The family {h,,}men+ defined in proposition 1 belongs to
VS 5. Moreover, the convergence radius of its gain bound
function is greater than p}, where p} > 0 is given by

X li if Fy in (4) is affi 7

Py = 1—1}1100?)\() if Fy in (4) is affine (7)
O .

= =, otherwise. 8

pk -7:)\(0')\) ( )

In (8), oy is the unique solution of Fy(c) — o Fi(c) =0
on ]0, R[ where R is the convergence radius of ) at x = 0.

Theorem 3 (Truncation error bound): Assume that F) is
not affine. Let oy and pj be defined as in theorem 2. For

3

denote the finite M -order partlal sum of the Volterra series.

L\ M+1
([l /03)

1= ullees /3
IV. MULTIPLE INPUT ANALYTIC SYSTEMS

In this section, results of section III are extended to
multiple-input (MI) analytic-in-state systems. Most of the
definitions and key points can be straightforwardly general-
ized (see IV-A and IV-B). However, when some columns of
matrix B are zero, the corresponding inputs do not influence
the system as long as other inputs are zero (section IV-
C). This defines two types of inputs (called auxiliary and
principal) which play different roles in the convergence
process and in the results and proofs given below (see IV-D).

In the sequel, the number of inputs is d > 2.

all M € N*, let Vayx(t) ) [T ul(r)dr

Then, for all u € D%,

r—Viz| y < ox

A. Definitions and formal solution
Definition 5: Let VS§ be the set of the series { fm}men,

indexed by the multiple orders m belonging to N* = N4\ {0}
and such that, for all m € N},

fm € VY, denoting @ = my + - - - + my.



A causal MI-system can be described by an input-to-state
Volterra series {h, }men- € VSY if there exist a non empty
domain D C (Uy)? such that for all input u € D, the series

VEET, x(t)= ) / hon(t,7) [ILu](r)d7,  (9)
meNY [0.¢]™
d m;
with [IT u|(7) = HHui(TmlJr,..erFlH), is normally
i=1j=1

convergent in Xy.
Definition 6 (Multiple-index set and selection function):
Let m € N} and K € N*. The set M is defined by

ME = {p € NdXK‘ all columns of p belong to N

and their sum equals to m}.

Moreover, for all p € MX and for all k& € [1, K]y, the
selection function is defined by

SkireT™ — (r4y,...,7¢,) €TF

where L = Ele pi.r, and the sequence of indexes (1, ..., ¢
is given by

Agp+1, Ap+2, ... , Mgtpig,

Ag,k—l-l s A27k—|—2 S e s A27k—|—p27;€ s

Agr+1, Agp+2, ...... , Aar+par,

i-1 K k—1

denoting A; = Z Z Dir o+ Z Di k-

i'=1k'=1 k=1
Note that, in this sequence, the i-th row is empty if p; , = 0.

But, the complete sequence is not empty since L > 1 from
the definition of M. Note also that if K >, then ME ={).

m

Proposition 3 (Kernels recursive construction): For  all
n € [1,dly, let e, € R? be the vector composed of
zeros except the n-th coordinate which equals to 1, so
that {ej,...,eq} is the canonical basis of RZ. Moreover,
let the family of kernels {h,}men; be defined by
he, :TxT — X, he,(t,71) =1, (t — m1)eAt="Be,
if m = e, with n € [1,d]y, and by hy, : Tx T — X,
hon (t,7) = 1p (t—maxT) (fliaXTUm(t7 0,7)d0+wn(t, 7)),

if m > 2, where, denoting p, j the k-th column of p,

om(t,0,7) = tOZ Zpk( p*l ())7
k= 2pEMm
m(e S5(r)). (10)
Wy, (¢, 7) = e, (77 — maxrj lz Z t sk(r
{36?’1_’“1

Q (o (S50 S (8510) Sé“%r)),q*,k)}. (1n)

Then, the Volterra series (9) is a formal solution of system
(1-2).

B. Gain bound function and theoretical convergence results

Definition 7 (Multi-variate gain bound function ¢y ): Let
{hm}men- € VSfl\. Suppose that there exists a neighborhood
V' C C? of 0 such that the formal multi-variate series
(X1, Xa) = 3 ene 1 ||y X7 X" is normally
convergent. Then, the gain bound function ©x 1s defined by

Z ||hm||vm H 2"

meNy
Theorem 4: For all input u belongmg to

T(V)={uetdy | (lurllss - ually) €VARE, (12)

the Volterra series is convergent in X and
”'IHXA < QPA(HUQHUM BERE) ”ud”U)\) < 0.

Proof: Letu € Y(V). Then, z= (||Ju1 ||y, - - -

s Nlaller,)
belongs to V' and @y ([[u1 ey, - - -

||Ud||uk) < 00. Now, for

all m € N%,
sup ( At|/ () [ ](r) e, )
teT [0,¢]™
d
< (At/ B (¢ AT o)™ ar)
<30 (g Wl e L )™ a
d
< {1l TT (lillees)™-
=1

Hence, the series 3, oy Jio o fom (t,7) [ILu|(7) d7 con-
verges normally in X to a limit = such that

||x||xk—sup(] > [

meN}
> in V?H (lluillery )™ <

meN; i=1

m(t,T) Hu dTH)

ox(lulleeys - luals,).

ml

C. Principal and auxiliary inputs

Hypothesis 1: The system (1-2) is such that ¢ — exp(At)
belongs £1(T,R™*™), that is: A is supposed to be Hurwitz
if T =R, and there is no assumption on A if T is a finite
interval [0, T]. Then, we assume that A € R, . Moreover, if
T = R4, then A < @ where —a = max (Re(spec A)) < 0

Denote {ej,...,eq} the canonical basis of R?. For all
n € [0,d]y, the kernel h., given in proposition 3 belong
to Vi and is zero if Be, = 0. We assume that the inputs
are sorted so that non-zero columns of B come first and
are indexed from 1 to d; (dr > 1 since B # 0) and the
remaining d, null columns (if any) are indexed from d, + 1
to d. Hence, whenever the first d, inputs are set to zero,
the system will remain at the null steady-state, even if the
d,, last inputs are nonzero. These two types of inputs play
different roles in the convergence of the Volterra series. They
are called principal for the first ones (index 7), and auxiliary
for the second ones (index «).

The effect on the convergence will be accounted for
through a ratio v between the norms of auxiliary and
principal inputs. This ratio appears in (14) below.



Definition 8 (Function F) ,): Define the drx d matrix
X, = (Id,r R Odmda)’ the d,x d matrix Xo = (Odaydﬂ' , Ida)
and the dx d matrices W, =T (diagw) 1y, and W, =
x. T x.. where the vector w= (wl, e ,wdﬂ) is chosen such
that

Vn € [1,d:]n, uE (13)
For all v € R4, the function F)  is formally defined by

—+oo +oo
1+ pe X 4 g X1
k=2 k=2

wn > ||he,,

f)\,'y(X) = Joo ) (14)
1= P X!
k=2
where P = ki, HPkHMz:k(X,X) and, for ( = 7 or «,
defining Qf (w1, ..., zp-1,u) = Qx (21, ..., 5_1, W u),
P = Kk ||QZHM£}C71’1(X7Rd7X) s
= “k,/\||Q2HML,C,1,1(X,Rd,X)'

Remark 3: 1f there is no auxiliary input (d, = 0), then
a; = 0 and F) , does not depend on 7.

D. Computable results and guaranteed error bounds

Theorem 5 (Convergence subset): Let A € Ry be such
that hypothesis 1 is satisfied. Let v € R. Then, the family
{hm}meny defined in proposition 3 belongs to VST, Let
R € R% U {+00} be the convergence radius of F, , at
x = 0. Equation = F} _ (z) — Fx4(x) = 0 has either one
solution denoted o ,, (case 1) or zero solution (case 2), in
]0, R[. Let p3 ., > 0 be defined by

Oxn
= = 15)
Far(ory)
A, = i .
SIS

(case 1) PA

(case 2) (16)

Then, the Volterra series is convergent in X for all input u

belonging to Y (V) where V) = |, g V1,4 and

dr
B = {rect] Cunlal <st,
n=1

d dr
and Z Zn = vzwn zn}, (17
n=d,+1 n=1
and w is given in (13).
The proof is detailed in appendix B.
Theorem 6 (Truncation error bound): Let M € N* and
consider the finite M -order partial sum of the Volterra series

Sa®)= 32 [ ter) [l

m € N}
m< M do

1 1 T
Let 7 €R € Y(V,). 5=, (g b o ).

([ ledy

In case 1 (3'oy 4 < +00), if sup =U < 1, then

1<n<d n

||x— SJWxHX/\ < oxny UM+1/(1 -0).

The proof is detailed in appendix C.

V. AN EXAMPLE

To illustrate these results, an example is presented in the
BIBO case (A = 0). Let a €]0,1[, ¢ € R* , and consider the
system governed by

V>0, 42+ (1+ey® +u)y=uy, (18)

with zero initial conditions y(0) = 0, ¢(0) = 0 and where
the input is u = [uy,up]?. This system defines a damped
Duffing oscillator where w7 is an exciting signal and us can
be interpreted as a frequency-modulation signal. It takes the
form (1-2) where X = R? is associated with the euclidean
norm, the state is « = [y, 9]7, d = 2 and

e(h L) e
Po=( L) e=( )

so that max (%e(spec(A))) = —a < 0. Following sec-
tion IV-C, input u; is principal and us is auxiliary.

In definition 8, straightforward computations yield for all
k€ N* pr=0, ay = K2,0, Po =ER2,0 and ap = P, = 0 if
k#2. In this example, P(z) and B; are collinear (P(z)=
—ex3By) 50 Ko can be replaced by v=||he, ||y (which is
smaller) in the proof of theorem 5. This leads to

14+wX
X)= -
ForlX) =T x2
Then, o, is the positive root of 2eyv? X3+ 3ev X?—1 and
1 —ev(op.)?

. 19
00,y ]-+'7VUO’7 ( )

*
Poy =

For v = 0, (19) yields pj., = 3\/275 and, for v — 400,
00, ~ (2ev2y) /% and p§ . ~(vy)~'. From theorem 5, for
a given v > 0, the Volterra series converges if (||luq]], ||uz||)
belongs to the line segment

*
PO,y

llut e, < - and lualler, = Y ||lwlles,

for w > |lhe,|ya. Hence, the union of all these seg-
ments is the region under the curve described by (z,y) =
(P5,~/wsvP5 ) for v > 0. Figure 1 shows such curves for
the system with parameters a = 0.65 and € = 0.1.

1.6 :
T=1
14" - — —T=2
12F- — — T'=+4
p— 1 -
Sos N\ :
0.6 . < -+
NN
02 - XN
~ ~ .
0 1 I~ I I
0 05 Ul 1S 2 25
Fig. 1.  Convergence domain boundaries for T = [0,7] with T €

{1,2,400}. For T =1, v = Hhﬁ”vé ~ 0.63. For T' = 2, v = 1.09.
For T'=+o00, v~ 1.69. In each case, we have chosen w=v and the curve
(z,y)=(p5,~/w,7Pg,) is parameterized by v ER .



Time simulations based on the first seven Volterra kernels
are shown in figure 2. Curve 1 corresponds to X in figure 1,
for which the Volterra series expansion is convergent for any
time horizon T'. In practice, an accurate approximation is
obtained at order 3. Curve 2 corresponds to + in figure 1.
From figure 1, the convergence is guaranteed for 7'=1 but
neither for 7'=2 nor T' = +o0. In figure 2, the divergence
seems to appear before order 7 for 7> 6.

025 - - - -

02 -

015 - -

E3 exact
order 1
order 2
order 3
order 4
005 f i i . . - order 5
order 6
order 7

=Yy

01 -

t (in s)
Fig. 2. Curve 1 (top): u1(t) = 0.2 and uz(t) = —0.2. Curve 2 (bottom):
u1(t) =1 and uz(t) = —0.6. These curves 1 and 2 are associated to the

markers X and + in figure 1, respectively.

VI. CONCLUSION

Introducing an adequate functional setting, computable
bounds of the convergence radius and of truncation errors
of Volterra series expansions have been proposed for fading
memory MI systems, analytic in state and affine in input. Re-
sults have been illustrated on one several example including
one principal input and one auxiliary input.

Extensions to systems that are (in addition to the above
assumptions) analytic in input and have nonzero initial
conditions will be studied. Another task will consist of gener-
alizing these results to some classes of infinite dimensional
systems, such as boundary and distributed controlled PDE
systems solved using Volterra series (see e.g. [17], [18]).

APPENDIX

A. Lemma 1 and proof

Lemma 1: Let A(X)=Y"/2 ap X*, B(X) =31 by X*
be analytic functions at X =0 with non-negative coefficients.

Let 3 € R%. Define F'(X) = % and let r € R} U

{+0o0} be the convergence radius of F' at z=0. Then,

(i) Atz =0, F is nonzero and analytic with nonnegative
Taylor coefficients.
(ii) Equation x F'(z) — F(x) = 0 has either one solution
denoted o (case 1) or zero solution (case 2), in |0, 7.
(iii) There exists a unique function z — W(z), analytic at
z = 0 such that W(z) = z F(¥(2)). Its convergence
radius py at z =0 is such that pgy = p* = ﬁa) in
case 1 and pgy > p* =lim,_,,.- % in case 2.
Proof: (i): If A =0, (i) is straightforward. Otherwise,
A has at least one positive Taylor coefficients so that, for all
z € C such that |z < 7, [A(2)] < Az]) <lim,_,- () <1
and F(z) = (B+ B(z)) 320 (A(2))", which proves (i).
(ii): Define H(z) = z F'(z) — F(x) for x € [0,r[. If F is
affine then H(z) = —p so that « F'(z) — F'(z) = 0 has no
solution. Otherwise, H is a strictly increasing function on
10, r[ from H(0) < 0 to £ = lim,_,,— H(z) € RU {400}
since for all x €]0,r], H'(x) = « F"(x) > 0. Therefore, if
¢ > 0, then x F'(x) — F(x) = 0 has a unique solution on
[0, r[ (case 1), otherwise (¢ < 0), it has no solution (case 2).
(iii): In case 1, the hypotheses of the singular inversion
theorem are met (see [19, prop. IV.5. and th. VL.6. ]), and its
application proves (iii). In case 2, (iii) is a direct consequence
of the analytic inversion lemma (see [19, lemma 4.2.]). ®

B. Proof of theorem 5

Step 1: We prove by induction that, Vim € N%, h,,, belongs to
V" and satisfies ||y, ||y <4 where e, =wp > ||he, [y,
if 1<n <d, and where, for all m such that m > 2,

m k k—1
wm < Z |:sz pr*7+ Pk Z(WTXW Q*,k) H wa,z
k=2 L peMk i=1 {q e Mk i=1

m
Gk €{e1,. . ed, }

k—1
S mqm},
{qEM’fn i=1
@k E{€drtt; - -

(20)

yed}

recalling that g, ; denotes the k-th column of matrix q.

The details of this step are similar to [16, (th.2, step 1)]
in which indexes are replaced with multiple indexes and Q)
is split as follows, using definition 8§,

o if g, is one of the first d, vectors of the canonical
basis (associated to a principal input), then

Q...

o if g, is one of the last d, vectors of the canonical
basis (associated to a principal input), then

Qs qegr) = QR (-1 gep)-

7Q*,k) = (WT X q*,k) QZ( ) Q*J@)v



Step 2: Consider the multi-variate formal series defined, for
X = (X1,...,Xa)% by U(X) = Z Y X™ (generating
meN
function of ,,,) where X™ = X?“GZX;’2 ... X" The
multivariate formal series
“+o0
R(X)= Y [m ((0) 4 (T, X)pr(V(X))* !

k=2
(X (@(X))’“} ,

with ¢ = (0,...,0,1,...,1)T, satisfies
—— ——

d d,

RX)= Y thnX"=

{mENg

U(X)-why, X. @D

m>2

Let v € RT. Applying the change of variables
X — X and denoting ¥(X) = W(X) where
X= (wTXWX, CTX, Xo,.. ., Xa., Xdt2s .- 7Xd>, equa-
tion (21) can be rewritten
- ke S SUNUNY J E i SN S |
1w (0E) Y a (W)
k=2 k=2

b (Femnf) Yo (#00)
k=2

-~ T (k1
— ¥(X) 1-27%(@()())
k=2

In the quotient space R[[X]]/(X; —~X1), this equation
becomes ¥(X) = X; Fi, (¥(X)).

From lemma 1 (iii), let v A~ be the unique function, ana-
lytic at « = 0, such that \AIV!,\W(:E) =x Fay (\T/A_,.Y(x)), with
convergence radius py . Then, from definition (17),

VzeVay, Y(z)= @A,V(wTXW 2), (22)

where V) ., is defined by (17). Since Hhm”VAﬁ < v, and
from definition 7, ¥ is a majorizing function of ¢, so that
the Volterra series is convergent in Xy.
C. Proof of theorem 6

Let u € YT(V,) be such that U < 1. Define ¢ =

T
(||u1||BR(A), ey ||ud||BR()\)) . Then obviously, for all n €
[1,d]n, an, < B, U. Therefore, for all N € N*,

§ U a™ < UN § U B (23)
mEN(*i mENg
m=N m=N

d
Moreover, Z an =yp4 and (W', fB) = pX -, so that

n=d,+1
d

Z Bn =(w"x,B) and (W', B)U < p} .. Therefore,
n=dr,+1
from (22), function U — ¥(BU) is analytic on | —1, 1] and

U(pU) = \T/,\ﬁ(wTXWﬁU) = @Aﬁ(p;ﬁ U). Identifying

the Taylor coefficients (w.r.t. U) of the left and right members
of the latter equation shows that, for all positive integer N,

Z B = [\f/,\ﬁ]N(pf\ﬂ)N, where [¥) ]y denotes

meNy
=N

the Taylor coefficient of 0 A,y at order N. Replacing in (23),
it comes Z Y a™ <[ ,]N (04, U)N and it follows

meNy
m=N
foo
that || = Vigz|, < D ma™ < Y [Uaslal(p3, V)"
meNY n=M+1
m>MA+1

In case 1 (see [16, proof of th.3], Cauchy estimates yield

[WaqJn(p3 U)" < oa, U™ so that ||z — Vigz|[, <
UM+1
O’)\,»yﬁ < 400, which concludes the proof.
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